I examine the effects of return predictability on option prices for the market portfolio in the presence of stochastic volatility and/or stochastic interest rates. The analysis is implemented in an equilibrium framework where a consistent option pricing model is derived with the return predictability and stochastic volatility and the precise link between the actual and the risk neutral measures is endogenized. The equilibrium analysis indicates that the return predictability is induced by the mean-reverting and heteroskedastic features of aggregate dividends. It is shown that risk-neutral option pricing model with the stochastic volatility and/or stochastic interest rates can be consistent with return predictability. Numerical results suggest that (i) models with either perfect predictability or no predictability will significantly overprice longterm options across different strike prices when the return of the underlying exhibits modest predictability; (ii) the stochastic volatility does not affect option prices in a significant way when asset return predictability is properly reflected in the actual stock price process; (iii) when return predictability is correctly specified, the effects of stochastic interest rates are not uniform.
There exists a fair amount of empirical evidence on asset return predictability and stochastic volatility. 1 However only the stochastic volatility feature has drawn enough attention from the academic researchers on option pricing. Lo and Wang (1995) is the first study which examines the effects of return predictability on option price while maintaining a constant return volatility. In their study, the return predictability is modeled as a mean-reverting process. Given the common belief that the Black-Scholes (BS) option pricing model is valid in the presence of the return predictability and a constant volatility, they argue that the constant volatility in the BS model should not be estimated from the unconditional standard deviation of the historical returns, a popular approach used in the real world (please see the detailed description in Hull 2005 ). Instead, it should be estimated from the conditional standard deviation of the historical returns if the risk-neutral return is the BS's log-normal and the actual return follows a mean reverting. 2 Lo and Wang's study is an important first step towards examining how asset return predictability affects option prices in a context of constant volatility and constant interest rates. The current paper extends their study the market portfolio while allowing both the return predictability and the stochastic volatility. To carry out the analysis, I need to identify an option pricing model which is consistent with the return predictability and stochastic volatility since the BS model is not valid.
At the same time, I also need to know the precise link between the risk-neutral distribution and the actual distribution. To ensure the consistency and to obtain the precise link, I derive an option pricing formula based on the assumed actual return dynamics in a general equilibrium framework and establish a precise link between the actual and the risk neutral measures by endogenizing the price of the market portfolio and the risk-free rate from economic fundamentals. The endogenous processes for the market return, its volatility and the interest rate generated from an equilibrium apporach are in sharp contrast to the exgoenous processes assumed by the BS approach. The equilibrium model in the current paper is a continuous-time extension of the Lucas (1978) model where the aggregate dividend follows a mean-reverting process, supported by the empirical evidence in Marsh and Merton (1987) . Given this aggregate dividend process and logarithmic preferences, the endogenous return of the market portfolio is mean-reverting and its return volatility, as well as the risk-free rate, is stochastic in equilibrium.
Under various parameter restrictions, this simple one-factor model can generate closed-form option pricing formulas for six useful cases. The generic case corresponds to mean-reverting returns, stochastic volatility and stochastic interest rates. Other special cases include mean-return return with a constant volatility and/or a constant interest rate. Given these results, this paper further examines the effects of return predictability on option prices, by allowing for stochastic volatility and/or stochastic interest rates. Since the precise effects cannot be analytically determined, I resort to numerical analysis based on empirically estimated parameters for the six cases in the model. The numerical results show that (i) the cases with either perfect predictability or no predictability significantly overprice long-term options across different strike prices when the return of the underlying asset exhibits moderate predictability; (ii) when return predictability is properly reflected into option prices through the correct specification of the actual return, stochastic volatility does not influence option prices significantly, especially for long-run options; (iii) when return predictability is correctly specified, interest rates influence option prices in a complicated way.
For example, the case with stochastic volatility and constant interest rates would underprice longterm options, but overprice short-term options, relative to the case with stochastic volatility and stochastic interest rates. This paper differs from the existing option pricing studies with stochastic volatility and/or stochastic interest rates, including the models by Hull and White (1987) , Stein and Stein (1991) , Heston (1993) and Hobson and Rogers (1998) . First, the current focus on return predictability is new. Second, volatility and interest rates here are both endogenous variables that depend on economic fundamentals. Third, stochastic volatility here is a function of the stock price, implying that options can be hedged with the underlying stock. This feature is extremely desirable for practical application (see Dupire 1994) . Although the feature of complete markets draws a similarity to Hobson and Rogers (1998) , their partial equilibrium model contrasts to my general equilibrium model. The equilibrium approach here is shared with Bailey and Stulz (1989) who price stock index options, Bakshi and Chen (1997) who price many different contingent claims, Naik and Lee (1990) who address systematic jump risks in the market portfolio, and Amin and Ng (1993) who focus on systematic volatility in individual stock options. To this literature the current paper contributes mainly in the emphasis on predictability and the explicit analysis of the effects of return predictability on option prices with stochastic volatility and/or stochastic interest rates. This paper is organized as follows. Section 1 describes the economy and derives the equilibrium price of the market portfolio and the spot interest rate. Section 3 examines the relationship between the actual asset price process and its risk-neutral counterpart. Section 3 derives equilibrium pricing formulas for options written on the market portfolio. Section 4 quantifies the effects of return predictability on option prices with stochastic volatility and/or stochastic interest rates. Section 5 concludes the paper and the appendices provide necessary proofs.
The Economy

Structure of the Economy
Consider a continuous-time extension of the Lucas (1978) pure exchange economy in which there is a representative investor with an infinite lifetime horizon. In the financial market, the representative agent can trade a single risky stock, pure discount bonds and a finite number of other contingent claims at any time. The risky stock can be viewed as the market portfolio, whose total supply is normalized to one share and its dividend stream {δ t } can be understood as aggregate dividends in the economy. The contingent claims and the risk-free bond are all in zero net supply. The aggregate dividend follows an exogenous Markov process on a given probability space (Ω, F, P), which creates the fundamental uncertainty in the economy. Denote the security prices at time t by a vector X t and the corresponding vector of dividends by q t . The cumulative dividends up to time t are defined as D t ≡ R t 0 q τ dτ . The agent's information structure is given by the filtration F t ≡ σ( δ τ , 0 ≤ τ ≤ t). His preferences are described by a smooth time-additive expected utility function, V (c) = E R ∞ 0 U (c t , t)dt. For analytical tractability, I adopt a logarithmic utility for the agent's period preference, as in Merton (1971) and Cox-Ingersoll-Ross (1985b): Assumption 1. The representative agent's period utility is described by U (c t , t) = e −ρt ln c t , where ρ is the rate of time preference.
Initially, the agent is endowed with one share of the risky stock. Denote his portfolio holdings at time t as θ t = (θ s t , θ B t , θ x0 t ), where θ s t , θ B t and θ x0 t indicate the number of shares held in the stock, the discount bond and other contingent claims, respectively. The agent finances his consumption by a continuous trading strategy {θ t , t ≥ 0} and maximizes his expected lifetime utility: 3 max {ct,θt}
(1.1) (1.1) states that the agent's cumulative consumption up to t is financed by the net selling of his securities (θ 0 · X 0 − θ t · X t ) plus the cumulative dividends and cumulative capital gains. The first order conditions give the usual stochastic Euler equation:
the price of any security equals the expected discounted sum of its dividends, with the marginal rate of substitution being the stochastic state price deflator.
In equilibrium, the financial market clears and so the demand for the stock equals the supply of shares, which is one share. Also, equilibrium prices are such that the representative agent holds nothing of the claims other than the risky stock because the corresponding net supply is zero. In addition, the goods market clears so that consumption equals dividends generated from the risky stock. Therefore, the equilibrium price of any security given by the Euler equation becomes
Mean-Reverting Dividend Process and Return Predictability
To facilitate discussions and obtain closed form solutions, let us restrict our attention to a specific dividend process for the market portfolio by appealing to the study of Marsh and Merton (1987) on the dynamic behavior of aggregate dividends. Their estimation suggests that changes in the rate of dividend conform with the following description:
Their regression results also show that the random components in the change of dividend growth exhibit heteroskedasticity. Based on this empirical evidence, I assume that aggregate dividend follows a mean-reverting process with a positive time trend.
Assumption 2. The aggregate dividend process is governed by the following stochastic process:
where z t is the standard Wiener process and a 1 , a 2 , b 1 , b 2 are constant with the restrictions
Note that the parameter restrictions in the above assumption are needed to ensure the existence of distributions (see Appendix A.1). Also, when b 2 = u = 0, process (1.3) encompasses the single state variable assumed by Cox-Ingersoll-Ross (1985b).
With Assumptions 1 and 2, the following proposition and corollary summarize equilibrium results for the market portfolio and the instantaneous risk-free rate (see Appendix A for a proof): Proposition 1.1. The equilibrium price of the market portfolio S t , the instantaneous risk-free rate r t and the yield-to-maturity R(t, T ) at time t are, respectively
with T being the maturity,
Proposition 1.1 intuitively states that the stock price equals the present value of future dividends discounted at the rate of time preference. That is, the stock generates a constant dividend yield which is equal to the rate of time preference, ρ. Applying Ito's Lemma yields the equilibrium dynamics for the de-trended log price:
The de-trended log price follows a mean-reverting process with a heteroskedastic volatility structure.
Denote µ t as the instantaneous return of the stock and V t the instantaneous variance. 4 Express the endogenous stock price process as
Given the instantaneous risk-free rate in Proposition 2.1, it is clear that µ t = r t + V t . That is, the drift of the market portfolio is the sum of the risk-free rate and the variance of its return. In other words, the risk premium of the market portfolio is equal to the variance of its return. Now, let us focus on the dynamics of r t , µ t and V t , respectively. Applying Ito's Lemma yields the spot risk-free rate dynamics:
The spot risk-free rate obeys a mean-reverting process which resembles the so-called affine class of the term-structure model (see Duffie, 1992) . 5 The reversion speed for the spot risk-free rate is a 1 +0.5a 2 and the long-run mean is ρ+u−0.5ξ. The Vasicek (1977) interest rate model corresponds to a 2 = 0 and the Cox-Ingersoll-Ross (1985b) interest rate model to ρ = −u − (2a 1 /a 2 + 1)ξ.
The instantaneous return is shown to obey the following process
which corresponds to a mean-reverting process with a speed of mean reversion being a 1 + 0.5a 2 and a long-run mean being ρ + u + 0.5ξ. This reversion speed is different from that of aggregate dividends, a 1 . Thus, the stock return predictability, largely determined by the reversion speed, is generated by the mean-reverting and heteroskedastic features of aggregate dividends. Stated differently, a 1 and a 2 determine return predictability for the market portfolio. The higher the reversion speed, a 1 +0.5a 2 , the higher the level of return predictability. There are two polar cases of return predictability: perfect predictability (certainty) and complete unpredictability (the random walk). With a 1 = 0, the instantaneous return becomes constant and hence is perfectly predictable.
With a 1 = −0.5a 2 , the instantaneous return follows a random walk with heteroskedastic volatility.
When a 1 6 = 0 or a 1 6 = −0.5a 2 , the actual instantaneous return shows moderate predictability. Thus, this model is capable of accommodating different degrees of return predictability.
The Volatility of the Market Portfolio
An important feature of the current model is that the volatility dynamics of the market portfolio depends on the dividend drift, despite the fact that the dividend drift and volatility of the market portfolio do not share common parameters. This dependence is evident from the earlier result on the instantaneous variance of the market portfolio, V t = b 2 + a 2 (ln δ t − ut). Because the instantaneous variance depends on log dividends, provided a 2 6 = 0, parameters that affect the dividend drift affect the volatility dynamics of the market portfolio directly through δ. Applying the Ito's lemma, I
can obtain the following dynamics of V :
Such dynamics are influenced by parameters a 1 and b 1 , in addition to a 2 and b 2 . Specifically, the speed of mean reversion is determined by a 1 + 0.5a 2 and the long-run mean is by ξ, which is a function of (a 1 , b 1 , a 2 , b 2 , u) as specified in Proposition 2.1. Note that when a 1 = 0.5a 2 , the meanreverting feature is no longer present; instead, the instantaneous variance follows a random walk.
Of course, if a 2 = 0, then the instantaneous variance is a constant, b 2 .
The dependence of the variance (or volatility) dynamics of the market portfolio on the dividend drift is not restricted to the specific model in the current paper. Rather, it is a general feature of all models where the volatility of the dividend depends on the dividend level directly. To see this generality, consider the following process for aggregate dividends:
where µ δ (t, X t , δ t ) and σ δ (t, δ t , Y t ) are the drift and the volatility of dividends and X, Y are two state variables with the following dynamics
With logarithmic utility, the stock price is still S t = δ t /ρ. As a result, the instantaneous volatility of the market portfolio is equal to that of the dividends. Given the direct dependence of σ δ on δ, the dynamics of the volatility of the market portfolio will be influenced by the dividend 
Actual and Risk-Neutral Price Processes for the Market Portfolio
This section examines the precise relationship between the actual price process and its risk-neutral counterpart for the market portfolio. With the determined precise relation, I will provide answers to the two questions raised in the introduction.
Relationship between the Actual Price Process and Its Risk-Neutral Counterpart
The equivalent martingale process for the market portfolio is obtained as follows: the equilibrium relation, µ t = r t + V t , implies that the risk premium of the stock is equal to its instantaneous variance. Thus, the market price of risk of dz t is √ V t , derived from the common definition (µ t − r t )/ √ V t . Then, the unique equivalent martingale process for the stock price is
where dz * t = dz t + √ V t dt is the risk-neutral measure. 6 With this unique relation dz * t = dz t + √ V t dt, the processes for µ t , V t and r t under the equivalent martingale are
The key difference between the actual processes and the risk-neutral processes for µ t , V t and r t lies in the speeds of reversion and the corresponding long-run means. Take the variance as an example. The speed of reversion is a 1 + 0.5a 2 under the actual probability measure and a 1 + 1.5a 2 under the equivalent martingale. In addition, the long-run mean of the variance under the equivalent martingale is
To illustrate the importance of a link between the actual and risk-neutral processes for empirical estimation purposes, let us consider the following situation. Suppose one starts with a partial equilibrium model and directly assumes a risk-neutral process for the volatility, like that in (2.1), to price options. To implement his option pricing model, he uses the actual volatility process described in (1.6) to infer the parameters for the risk-neutral process. Suppose that he uses the following parameterization for the risk-neutral and the actual volatility processes:
Actual Processes Risk-neutral Processes
Then the estimated parameters for the risk-neutral process should be determined as
Clearly, this unique link between the actual and the risk-neutral processes for volatility is the equilibrium result. Without this link, it is difficult to correctly identify the parameters for the risk-neutral process from the actual probability distribution. 7 
Different Levels of Return Predictability
Under different parameter values, this model can generate three different levels of return predictability: Perfect Predictability, No Predictability and moderate Predictability. Table 1 : Relations among µ t , V t and r t under Different Levels of Return Predictability C : C o n s ta n t S : S to c h a s tic R : R e tu r n V : V o la tility I : I n te r e s t R a te C R C V C I -P P ( = B S ) a 1 = a 2 = 0 ,
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Combined with the return volatility and the interest rate, there are six cases of the model listed in Table 1 : CRCVCI-PP and CRSVSI-PP under Perfect Predictability, SRSVSI-NP under No
Predictability and SRSVSI-P, SRSVCI-P and SRCVSI-P under moderate Predictability. The first case CRCVCI-PP corresponds to the BS's risk-neutral model where the interest rate and the volatility of the asset are constant. At the same time, the return is also constant. The second case CRSVSI-PP indicates a constant return, stochastic volatility and a stochastic interest rate. It shows that stochastic volatility and stochastic interest rates can be consistent with perfect predictability.
The third case SRSVSI-NP stands for stochastic return, stochastic volatility and stochastic interest rate, none of which is predictable. The fourth case SRSVSR-P is the generic case where the return has moderate predictability with stochastic and mean-reverting V t and r t . The fifth case SRSVCI-P permits return predictability and stochastic volatility while preserving a constant interest rate.
The sixth case SRCVSI-P permits return predictability and stochastic interest while preserving constant volatility. In summary, the cases with stochastic volatility and/or stochastic interests (e.g., SRSVSI-P SRCVSI-P SRSVCI-P) are consistent with return predictability for the market portfolio.
It is important to note that the degree of return predictability under the actual probability measure is not necessarily the same as that under the risk-neutral measure. Table 2 summarizes parameter restrictions and the corresponding degrees of return predictability under both measures.
The degrees of predictability in most cases are similar except the no-predictability cases. When a 1 + 0.5a 2 = 0, the return has no predictability under the actual measure while it is predictable under the risk neutral measure. On the other hand, when a 1 + 1.5a 2 = 0, the return has no predictability under the risk neutral measure while it is predictable under the actual measure. Table 2 : Level of Return Predictability under the Actual and the Risk-Neutral Measures C : C o n sta n t S : S to c h a stic R : R e tu rn V : V o la tility I: In te re st R a te P P : P e rfe c t P rd ic ta b ility N P : N o P re d ic ta b ility P :P re d ic ta b ility P aram e ter R e strictio n s U n d e r th e A ctu al P ro b ab ility M ea su re U n d er th e R isk -N eu tral M e asu re
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T h e g e n e ric c a se S R S V S I -P S R S V S I -P a 1 = -a 2 S R S V C I -P S R S V C I -P a 2 = 0 S R C V S I -P S R C V S I -P
Pricing European Options on the Market Portfolio
I now examine the option prices under different parameter restrictions. Consider a European call option written on the market portfolio with a strike price K and a maturity T . Its price at time t ≤ T , C t (S t , K, T ), can be determined through the Euler equation (1.2) as
To simplify the presentation of equilibrium option pricing formulas, denote
where Γ(a, x) ≡ R ∞ x e −y y a−1 dy and γ(a, x) ≡ R x 0 e −y y a−1 dy for positive x and γ(a, x) + Γ(a, x) ≡ Γ(a). The following proposition states the European stock option price formulas for the six cases identified in Table 1 (see Appendix B for a proof).
Proposition 3.1. The equilibrium option prices on the market portfolio are:
with
The corresponding European put prices can be computed from the put-call parity condition with ρ as the constant dividend yield.
Formula (4.1) is applicable to the perfectly predictable case CRSVSI-PP and the no-predictability case SRSVSI-NP. Formula (4.2) is applicable to the constant interest rate case SRSVCI-P with return predictability. Depending on the sign of a 2 , the generic case SRSVSI-P can use either (4.1) or (4.2). Finally, (4.3) is applicable to the constant volatility case SRCVSI-P with return predictability. In the limit a 1 + 0.5a 2 → 0, (4.3) reduces to the case CRCVCI-PP or the BS model. Note that the option formulas in Proposition 4.1 can also be derived through the equivalent martingale pricing principle with the unique transformation dz
The generic case SRSVSI-P incorporates moderate return predictability, while allowing for stochastic volatility and stochastic interest rates. The probability of exercising an option at maturity is described by a non-central χ 2 distribution which captures the skewness and kurtosis of the return for the market portfolio much better than a normal distribution. From a practical point of view, option prices in (4.1) and (4.2) can be easily computed since Γ functions are readily available in many software packages.
It is inappropriate to provide a direct comparison between the current model and Lo and Wang's (1995) analysis, since the former allows for stochastic volatility and/or stochastic interest rate and the latter deals with constant interest rates and constant volatility. The closest case is SRCVSI-P with a 2 = 0, which permits constant volatility but stochastic risk-free rates. SRCVSI-P corresponds to formula (4.3). It is clear that parameter a 1 affects the probability calculation N (d 1 ) and N (d 2 ) through the volatility-to-maturity
As expected, the risk-free yield, not the drift of the market portfolio, explicitly enters option pricing formulas in (4.1), (4.2) and (4.3) as the discount rate. However, it would be erroneous to infer that parameters determining return predictability (a 1 and a 2 ) do not affect option prices for the market portfolio. They affect option prices through the endogenous stochastic volatility and the risk-free yield. This result is quite different from that in Lo and Wang (1995) , who conclude that return predictability influences only the volatility parameter. The difference arises for two reasons: (i) because the current model uses an equilibrium framework where interest rates endogenously depend on parameters underlying the aggregate dividend process; (ii) the asset under consideration is the market portfolio, not individual stocks. 9 However, parameters (a 1 and a 2 ) that determine return predictability affect stochastic volatility and the risk-free yield in a very complicated way, which makes it difficult to analytically determine their overall effects on option prices. Therefore, I quantify the effects with numerical analysis in the next section.
Empirical Estimation and Numerical Analysis
I conduct numerical analyses in two steps. First, I empirically estimate the model parameters.
Second, with the estimated parameters, I calculate option prices for the six cases and identify the effects of return predictability under different conditions.
Parameter Estimation for S&P500
The S&P500 is taken as a proxy for the market portfolio. The model parameters are estimated through the price movements described in (1.4). The S&P 500 daily ex-dividend closing prices are obtained from Bloomberg for the period of January 1, 1979 to December 31, 1998 and are used to estimate parameters (u, a 1 , b 1 , a 2 , b 2 ). 10 The rate of time preference, ρ, is equal to the dividend yield on the market portfolio in equilibrium; so it is set to be 2.5% to match the long-run average dividend yield of S&P500. The daily return file is first created by computing ln S t /S t−1 from the daily price data. Based on the daily return file, weekly, monthly and quarterly returns and the corresponding variances are created. For example, the weekly return is the sum of the daily returns for a week. The corresponding variance is the variance of the daily return during the week. The implicit assumption is that the variance is constant during the week but changes from week to week, as in Wiggins (1987) . It is important to note that the return is negatively correlated with its variance for all horizons. The negative correlation ranges from −.22276 for the weekly data to −.41843 for the quarterly data. The negative correlation confirms a similar result in Cox (1996), Das and Sundaram (1999) , Wiggins (1987) and many others. 11
To begin with the estimation, I first de-trend the log stock price. The OLS regression shows that S&P500 was growing at a rate of 11% ∼ 12% during 1979 -1998. In the estimation, I
utilize the de-trended log price in (1.4) and the equilibrium restriction on volatility, i.e., V t = b 2 + a 2 (ln S t − ln ρ − ut). Maximum likelihood method is performed with weekly, monthly and quarterly data. under the six cases identified in Table 1 . A few observations are in order.
(1) For the generic case SRSVSI-P, the estimated parameters are sensitive to return horizons.
Notably, parameter a 1 , a key parameter determining the reversion speed, increases from 0.06967 with the weekly horizon to 0.43332 for the quarterly horizon. This suggests that return predictability is more pronounced for longer horizons.
(2) The cases with modest predictability, SRSVCI-P and SRCVSI-P are the restricted versions of the generic case SRSVSI-P. In order to guarantee a similar behavior of the volatility structure, I set the long-run means of the volatility in these two restrictive cases to be equal to that of the generic case SRSVSI-P. The estimated a 1 under SRCVSI-P is usually bigger than that of the generic case SRSVSI-P. Such a larger magnitude of a 1 may be a result of compensating for the constant volatility restriction. SRSVCI-P is the most restrictive case, which requires a 2 = −a 1 .
This restriction forces a 2 to take a negative value which imposes a positive relation between the return and its variance. This imposed positive relation contradicts the true negative relation as shown in the data.
(3) Under CRSVSI-PP where the instantaneous return is constant, the estimated long-run mean of volatility is bigger than that of the generic case SRSVSI-P. Consequently, it may imply a higher expected stock price compared with the generic case which has a lower long-run mean of volatility, as shown in the numerical comparison.
(4) The no-predictability case SRSVSI-NP restricts the reversion speed to be zero. As a result, the estimated b 1 under this case is significantly higher than that of the generic case SRSVSI-P.
The analysis below is carried along two dimensions. Section 5.2 investigates the effects of different levels of return predictability on option prices in a Stochastic-Volatility-Stochastic-Interest-Rate context. Namely, I contrast the perfect predictability case CRSVSI-PP and the no-predictability case SRSVSI-NP to the generic case SRSVSI-P with a moderate predictability. Section 5.3 examines the effects of stochastic volatility or stochastic interest rates on option prices when actual returns exhibit modest predictability. This analysis is carried out with SRSVCI-P, SRCVSI-P and the generic case SRSVSI-P. In addition, I make comparisons to the BS model (or the CRCVCI-PP case) throughout the analysis.
Effects of Predictability on Option Prices with Stochastic Volatility and Stochastic Interest Rate
This section analyzes the effects of different degrees of return predictability on option prices in a SVSI environment. CRSVSI-PP, SRSVSI-NP and the generic case SRSVSI-P all allow for stochastic volatility and stochastic interest rate. To follow the standard practice, I compare these three cases with the modified-BS option prices which are defined as follows: the constant volatility and the constant interest rate in the BS model are replaced with the volatility term structure and yield curve for different maturities. It explicitly incorporates non-constant volatility and non-constant interest rate into the BS model. 12 In addition, CRCVCI-PP is taken as a benchmark case and is strictly computed with a constant interest rate and constant volatility.
Call and put option prices are calculated for a short maturity T − t = 0.25 year, a medium maturity T −t = 1 year and a long maturity T −t = 5 years. Strikes are chosen so that the moneyness of an option is linked to the expected index level, not the spot index level, for a specific maturity under each case. For example, the out-of-the-money call option strike is set at K = 0.95E t (S T ) while the in-the-money call option strike at K = 1.05E t (S T ) and the at-the-money call option strike at K = E t (S T ). There are two important reasons for doing so. First, it is not appropriate to set the same strike price for different maturities for the same case. Given the positive growth trend in the stock return, the index is likely to increase more in a long horizon than in a short horizon. This would suggest that a longer-maturity option would more likely be in the money if the moneyness were defined by the spot index and hence would create some "systematic" bias towards longer-maturity option prices in the same case. The proposed adjustment of moneyness eliminates this bias. For comparison, I examine the percentage price differences, not the price differences.
The percentage price is calculated as the ratio between the option price and the spot index. In this way, I can effectively illustrate the impact of different maturities on options under the same level of return predictability. Second, it is not proper to set the same strikes across different cases for the same maturity since each of the six cases permits different price dynamics for the stock.
The adjusted moneyness for each strike permits a fair comparison based on the percentage pricing differences between different cases for the same maturity, and hence effectively demonstrates the influence of different levels of return predictability on options under the same maturity.
For all calculations, the spot index level is set at S t = 1300, which resembles the average level in the sample period. The conditional expected stock prices, E t (S T ), derived in Appendix C, are also computed for each case. Tables 4 and 5 compare call/put options among CRCVCI-PP, CRSVSI-PP, SRSVSI-NP and the generic case SRSVSI-P. Each table contains option prices and delta hedging ratios for each case with three maturities and three strikes. 13 The modified-BS option value is computed for each case and each maturity, according to the procedure defined earlier. I summarize the general results as follows.
(1) The conditional expected stock prices, E t (S T ), are very similar across different cases for short horizons. For example, the 3-month conditional expected stock prices implied by these 4 cases range from 1371.46 to 1376.62. However, as the horizon gets longer, the differences among these four cases become larger. For the maturity T − t = 1 year, the conditional expected stock prices range from 1500.00 to 1527.17. For the maturity T − t = 5 years, the conditional expected stock prices range from 2373.27 to 2689.18. In general, the generic case SRSVSI-P always yields the lowest expected stock price while SRSVSI-NP gives the highest, which may be attributed to the no-predictability feature and the higher long-run mean of volatility.
(2) For the interest rate structure, CRSVSI-PP, SRSVSI-NP and SRSVSI-P generate upward sloping yield curves. For the volatility structure, only the generic case SRSVI-P generates a realistic downward sloping volatility structure while CRSVSI-PP and SRSVSI-NP generate unrealistic upward sloping volatility structure.
(3) The modified-BS call price for each maturity and each strike is computed. It is almost always higher than the option price for the corresponding case. This suggests that the modified-BS approach described here would generally overprice options.
(4) The percentage option prices with short maturity are very similar under CRCVCI-PP, CRSVSI-PP, SRSVSI-NP and the generic case SRSVSI-P. For example, the at-the-money call prices with maturity T − t = 0.25 year range from 2.694% and 2.862% of the spot index while the corresponding put option prices range between 3.25% and 3.481%. However, the percentage price difference gets larger as maturity increases. For the maturity T − t = 1 year, the at-the-money call prices range from 4.23% to 5.074% while the at-the-money put prices from 5.815% to 7.561%.
The difference is even larger for options with maturity T − t = 5 years. The at-the-money call prices range from 4.606% to 7.912% while the corresponding put prices from 6.956% to 20.566%.
These patterns are illustrated in Exhibit 1. Under all circumstances, the generic case SRSVSI-P almost always generates the lowest call prices, implying that call options would be overpriced by the modified-BS, or CRCVCR-PP, CRSVSI-PP and SRSVSI-NP which did not correctly reflect the level of return predictability.
(5) Since the one-factor set-up in the current model allows for a perfect hedge with the un-derlying stock in a SVSI context, it is interesting to examine the implication of delta hedging in the presence of return predictability. Tables 4 and 5 show that delta hedge ratios for options with short-maturity are similar for different levels of return predictability. In particular, the delta ratio ranges from 0.4467 to 0.4971 for the at-the-money call option, and from -0.4314 to -0.5112 for the at-the-money put option. The difference in the delta hedging ratio gets larger as the maturity increases. More precisely, for the medium maturity, the delta ratio ranges from 0.3250 to 0.4810 for the at-the-money call option, from -0.2680 to -0.5159 for the at-the-money put option. For the long maturity, the delta ratio ranges from 0.0806 to 0.3960 for the at-the-money call option, and from -0.2150 to -0.4982 for the at-the-money put option. The generic case requires the least percentage of the underlying stock to hedge a call. These observations are illustrated in Exhibit 2.
It is worth noting that the differences in delta ratio across difference cases are generally much larger than the differences in prices. This observation has important implications for hedging practice. For example, when delta hedging is carried out based on a wrong model, the hedging errors can be significant even if the prices generated by this model is close to the "correct" prices. In summary, the numerical results show that if the level of return predictability is not properly reflected, long-term options will be significantly overpriced in a SVSI environment.
Effects of Volatility and Interest Rate Under Moderate Return Predictability
This section analyzes the effects of SV and/or SI on option prices when actual returns exhibit modest predictability. Namely, I compare the constant volatility cases SRCVSI-P and the constant interest rate case SRSVCI-P with the generic case SRSVSI-P. Tables 6 and 7 present the comparisons for calls and puts, respectively. Similar to Tables 4 and 5 , they contain option prices and delta hedging ratios for each case with three maturities and three strikes. In addition, the modified-BS option value is also computed. The general results can be summarized as follows.
(1) The conditional expected stock prices, E t (S T ), are very similar across different cases for short horizons. As the horizon gets longer, the differences among the three cases become larger. The generic case SRSVSI-P yields the modest expected stock level. SRSVCI-P always gives the lowest prediction. This may be a result of the incorrect correlation between returns and the variances imposed by a negative a 2 .
(2) This constant interest rate case SRSVCI-P generates an unrealistic upward sloping volatility structure. Such unrealistic volatility structures have direct consequences on the option prices. As shown by the numerical results, long-term options with 5-year maturity calculated by SRSVCI-P are much lower than those given by the generic case SRSVSI-P. However, for in-the-money shortterm options, SRSVCI-P gives higher prices than the generic case SRSVSI-P. Similar observations can be made for delta hedging ratios.
(3) The constant volatility case SRCVSI-P produces very similar percentage option prices to those of the generic case SRSVSI-P. For the short maturity at-the-money call option, the percentage price is 2.706% under SRCVSI-P and 2.712% under the generic case SRSVSI-P. For the medium maturity at-the-money call option, the percentage price is 4.248% under SRCVSI-P and 4.23%
under the generic case SRSVSI-P. For the long maturity at-the-money call option, the percentage price is 4.692% under SRCVSI-P and 4.606% under the generic case SRSVSI-P. In terms of delta hedging, the constant volatility case SRCVSI-P and the generic case SRSVSI-P behave very similarly. For example, the delta hedging ratio for the short maturity at-the-money call option is 0.4316 under SRCVSI-P and 0.4467 under the generic case SRSVSI-P. For the medium maturity at-the-money call option, the hedging ratio is 0.3043 under SRCVSI-P and 0.3250 under the generic case SRSVSI-P. For the long maturity at-the-money call option, the hedging ratio is 0.0802 under SRCVSI-P and 0.0868 under the generic case SRSVSI-P.
In summary, the two-dimensional comparisons in Sections 5.2 and 5.3 suggest that (i) stochastic volatility does not influence European option prices or the hedging ratios in a significant way when moderate predictability is properly reflected in option prices through the correct specification of the actual returns; 14 and (ii) when return predictability is correctly specified, interest rates affect the option prices in a more complicated way. If the interest rate were assumed constant, the model with stochastic volatility would underprice the long-term options while overpricing short-term inthe-money options.
Conclusion
This paper examines the effects of return predictability on option prices in the presence of stochastic volatility and/or stochastic interest rates. The analysis is carried out in a general equilibrium framework where the option pricing formula is derived with the return predictability and stochastic volatility and the precise link between the actual and the risk neutral measures is endogenized. Five important results are established. First, equilibrium results indicate that return predictability of the market portfolio can be induced by the mean-reverting and heteroskedastic features of the aggregate dividend. Second, risk-neutral option pricing model with either the stochastic volatility or the stochastic interest rate or both can be consistent with return predictability. Third, models with either perfect predictability or no predictability will significantly overprice long-term options across different strike prices when the return of the underlying asset exhibits modest predictability.
Such large overpricing suggests that return predictability should be properly incorporated into longterm option prices. Fourth, the numerical analysis indicates that stochastic volatility does not affect option prices in a significant way when asset return predictability is properly reflected in the actual stock price process. Fifth, when return predictability is correctly specified, the stochastic interest rate affects the option prices in a very complicated way. For example, when return predictability is correctly specified, a constant-interest-rate-stochastic-volatility model would underprice the longterm options while overpricing in-the-money short-term options. 2. The risk-neutral measure (or the equivalent martingale measure) is not empirically observed.
To implement an option pricing model derived under the risk-neutral approach (such as the BS model), one way is to infer the equivalent martingale measure from the actual stock price movement, which is what Lo and Wang did. To do so, one must know (or make assumptions on) the actual probability distribution of the underlying asset price. Furthermore, one needs
to know the precise relationship between the two probability measures in order to correctly infer the equivalent probability measure from the actual probability distribution.
3. All expectations in this paper are taken with respect to the filtration specified earlier, unless otherwise specified. The budget constraint is similar to that defined in Duffie (1992) for the security market equilibrium. This Euler equation approach has been adopted by Naik and Lee (1990).
4. The instantaneous volatility of the market portfolio is √ V t . For presentational simplicity, I
choose to discuss the instantaneous variance. The two concepts are equivalent.
5. In an endowment economy, equilibrium risk-free rates generally depend on agents' risk preferences and parameters underlying the dynamics of aggregate dividends (see Lucas 1978, Bailey and Stulz 1989) . However, the particular instantaneous risk-free rate obtained here is specific to the current set-up.
6. It is straightforward to show that the market price of risk, √ V t , satisfies the Novikov condition Karatzas and Shreve, 1998) . This, in turn, ensures the uniqueness of the equivalent martingale measure.
7. In a similar spirit, Broadie, Detemple, Ghysels and Torres (2000) extensively discussed the joint restrictions on the equilibrium drift and volatility of the stock prices and the equilibrium interest rate.
8. This is discussed in Appendix C.
9. Bailey and Stulz (1989) obtain a similar result in the absence of return predictability. They find that option prices are influenced by parameters underlying the economic fundamentals through the endogenous volatility function and the risk-free rate in equilibrium. Evidently, the influence of the drift of aggregate dividends on risk-free rates and hence on option prices is only true for the market portfolio. This argument may not be applied to individual stocks.
10. The returns of S&P 500 in this sample period showed relatively less mean-reverting. The reason that I chose this period is to illustrate the significance of a moderate predictability on option prices. The effect of return predictability could be more pronounced for other periods, especially for the most recent years. 
and α(t, T ) is specified in Proposition 2.1. The Euler equation (2.3) implies the following price for the market portfolio at time t
Since the stock price is linear in δ, the dynamics of the stock price are
A.2. The Instantaneous Risk-free Rate and the Yield-to-Maturity
Proof. I first calculate the pure discount price with maturity T at time t ≤ T. From the Euler equation (2.3), I have
The price of a pure discount bond can be computed based on the conditional density in (A.1):
.
The yield-to-maturity, R(t, T ), is defined through e −R(t,T )(T −t) ≡ B t (T ). Therefore,
Then, the spot instantaneous interest rate r t is
B. Proof of Proposition 3.1:
Then,
and
Therefore,
Tedious algebra shows that
B.3. Stock Option Valuation under a 2 = 0
When a 2 = 0, ln δ T | ln δ t has a Gaussian distribution:
European call options under a 2 = 0 can be priced as follows:
It can be easily shown that
where
C. The Partial Differential Equation Approach
Based on Assumption 2 for the de-trended log aggregate dividend, the process for aggregate dividend can be written as
Denote the process for the price of asset i, X i , as
The price processes of for all assets are determined in equilibrium.
Define the total wealth as W = P N i=0 θ i X i and the percentage wealth invested in asset i as
For simplicity, assume the pure discount bond is asset 0. Therefore,
The budget constraint below is similar to that in Merton (1971) dW
where L[J] is the differential generator of J associated with its control
The agent solves w, c by maximizing Ψ(w, c; W, δ, t). The first order conditions are:
Thus, the Partial Differential Equation (PDE) satisfied by the price of asset i is derived from the first order conditions as
Since the period utility is U (c t , t) = e −ρt ln c t , then
Then the PDE is further reduced to
Applying Lemma 4 of Cox-Ingersoll-Ross (1985a, p. 380) to the above PDE, one can obtain the same solution as that of the Euler equation.
D. Conditional Expected Stock Price
The conditional expectation of the price for the market portfolio is computed based on the conditional density in (A.1):
E. Delta Ratios for Call and Put Options
For a 2 > 0,
For a 2 < 0,
For a 2 = 0, 3. N/A stands for not applicable. when the strike price is too high, SRSVCI-P can't be computed since the gamma function in the option formula is not well defined. 
